A NEW OBSTRUCTION FOR RIB BON- MOVES OF 

2- KNOTS: 2-KNOTS FIBRED BY THE PUNCTURED 

3- TORI AND 2-KNOTS BOUNDED BY HOMOLOGY 

SPHERES 

EIJI OGASA 

Abstract. This paper gives a new obstruction for ribbon-move 
equivalence of 2-knots. 

Let K and K' be 2-knots. Let K and K' are ribbon-move 
equivalent. One corollary to our main theorem is as follows. A 2- 
dimensional fibered knot whose fiber is the punctured 3-dimensional 
torus is not ribbon-move equivalent to any 2-dimensional knot 
whose Seifert hypersurface is a punctured homology sphere. 



1. Introduction 

In this paper we give a new obstruction for ribbon move-equivalence 
of 2-knots. The author's papers [Ml [IZ] gave some obstructions. This 
paper gives new results (§3]). 

One of the new results is as follows. This theorem is deduced from 
our main theorem (Theorem 13. 2p . 

Theorem 1.1. (same as Theorem 13.31 ) Let be a 2-dimensional 
fibered knot whose fiber is the punctured 3-dimensional torus. Let 
P be a 2-dimensional knot whose Seifert hypersurface is a punctured 
homology sphere. Then K is not ribbon- move equivalent to P. 

Note. Let M be a closed n-manifold. A punctured {manifold) M is a 
manifold with boundary, 

M — ( an open n-ball embedded trivially in M). 

This paper is based on the author's preprint |15] . 
We work in the smooth category. 
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2. Review of Ribbon-moves of 2-knots 

In this section we review the definition of ribbon-moves. 

An (oriented) 2-{dimensional) knot is a smooth oriented submanifold 
K of 5*"^ which is diffeomorphic to the 2-sphere. We say that 2-knots 
Ki and K2 are equivalent if there exists an orientation preserving dif- 
feomorphism / : 5"^ — )■ 5*^ such that f{Ki)=K2 and that flxi '■ Ki — )■ 
K2 is an orientation preserving diffeomorphism. Let id : ^ be 
the identity. We say that 2-knots Ki and K2 are identicalif id{Ki)=K2 
and idlxi '■ Ki — )■ K2 is an orientation preserving diffeomorphism. 

If is a subset of a manifold Z, then let W mean the closure of W 
in Z. In this paper we often omit to explain what Z is if it is easy to 
understand what Z is. 

Definition 2.1. Let Ki and K2 be 2-knots in 5"^. We say that K2 is 
obtained from Ki by one ribbon-move if there is a 4-ball B embedded 
trivially in S*^ with the following properties. 

(1) Ki coincides with K2 in — B. This identity map from Ki~ B 
to K2 — B is orientation preserving. 

(2) B n Ki is drawn as in Figure 12.11 1. i? fl -^"2 is drawn as in Figure 
1^2. 
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Figure Ol 
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t=-0.5 



t=0 



t=0.5 



Figure 12^ 2 

We regard B as (a close 2-disc) x {s|0 ^ s ^ 1} x {t| — 1 ^ t ^ 1}. We 
let Bt =(a close 2-disc) x{s|0 ^ s ^ 1} x {t}. Then B = UBt, where 
{t\ - 1 ^ 1}. In Figure Ol and 02, we draw 5_o.5, ^o, 5o,5 
C B. We draw Ki and K2 by the bold line. The fine line denotes dBf. 

BnKi (resp. En/sTs) is diffeomorphic to D^U{S^ x {s|0 ^ s ^ 1}), 
where 11 denotes the disjoint union. 

BdKi has the following properties: BtClKi is empty for — 1 ^ t < 
and 0.5 < t ^ 1. Bq n Ki is diffeomorphic to D'^ U {S^ x {0 ^ s ^ 
0.3}) n X {0.7 ^ s ^ 1}). Bo,5nKi is diffeomorphic to (S^ x {0.3 ^ 
s ^ 0.7}). BtHKi is diffeomorphic to S^U^^ for < t < 0.5. (Here we 
draw S*^ X {0 ^ s ^ 1} to have the corner in Bq and in -Bq.s- Strictly to 
say, S n f^i in i? is a smooth embedding which is obtained by making 
the corner smooth naturally.) 
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B n K2 has the following properties: Bf fl K2 is empty for — 1 ^ t < 
-0.5 and < t ^ 1. Bq n K2 is diffeomorphic to U {S^ x {0 ^ 
s ^ 0.3}) n {S^ X {0.7 ^ s ^ 1}). B_o.5 n fsTa is diffeomorphic to 
{S^ X {0.3 ^ s ^ 0.7}). St n K2 is diffeomorphic to U for 
—0.5 < t < 0. (Here we draw S*^ x {0 ^ s ^ 1} to have the corner in 
-Bo and in -8-0.5. Strictly to say, -B fl -f^i in -B is a smooth embedding 
which is obtained by making the corner smooth naturally.) 

In Figure fLT\ 1 (resp. 12.11 2) there are an oriented cylinder S"^ x {0 ^ 
s ^ 1} and an oriented disc as we stated above. We do not make 
any assumption about the orientation of the cylinder and the disc. The 
orientation oi BCiKi (resp. Br\K2 ) coincides with that of the cylinder 
and that of the disc. 

Suppose that K2 is obtained from Ki by one ribbon-move and that 
K2 is equivalent to K2. Then we also say that K2 is obtained from Ki 
by one ribbon-move. If Ki is obtained from K2 by one ribbon-move, 
then we also say that K2 is obtained from Ki by one ribbon-move. 

Definition 2.2. Two 2-knots Ki and K2 are said to be ribbon-move 
equivalent if there are 2-knots Ki = Ki, K2, Kr~i, Kr = K2 {r G 
p > 2) such that Ki is obtained from Ki-i (1 < i ^ r) by one 
ribbon-move. 

Problem 2.3. Let Ki and K2 be 2-knots. Find a necessary (resp. suf- 
ficient, necessary and sufficient ) condition that Ki and K2 are ribbon- 
move equivalent. 

In [TB] the author proved the following. 

Theorem 2.4. ([16j) (1) If 2-knots K and K' are ribbon-move equiv- 
alent, then 

where fi{ ) denotes the ^-invariant of 2-knots. 

(2) Let Ki and K2 be 2-knots in S^. Suppose that Ki are ribbon-move 
equivalent to K2. Let Wi be an arbitrary Seifert hypersurface for Ki. 
Then the torsion part of {Hi{Wi) © Hi{W2)} is congruent to G ® G 
for a finite abelian group G. 

(3) Not all 2-knots are ribbon-move equivalent to the trivial 2-knot. 

(4) The converse of (1) is not true. The converse of (2) is not true. 

Note. See [TB] for the /i-invariant of 2-knots. 

Furthermore, in [T7] the author proved the following Theorem 12.71 
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Definition 2.5. Let K he a 2-knot C S^. Let N{K) be the tubular 
neighborhood of in S\ Let a : tti{S^ - N{K)) Hi{S^-N{K); Z) 
be the abelianization. Note that any 1-cycle is oriented naturally by 
using the orientation of K and that of S*^. We define the canonical 
isomorphism P : -ffi(S'^ — N{K)] Z) — )■ Z by using this orientation. Let 
X"^ be the covering space associated with f3oa : vri(5"' — N{K)) — )■ Z. 
We call X'^ the canonical infinite cyclic covering space of the comple- 
ment S"^ — N{K) of K. We also call the canonical infinite cyclic 
covering space for K. See [6l[Tl][28] for canonical infinite cyclic covering 
spaces for details. 

Note 2.6. In this paper, if we regard a tubular neighborhood as a 
fiber bundle naturally, it is the close disc (not the open disc) that the 
fiber of the fiber bundle is. That is, we have the following. Let A be 
a a-submanifold in a 6-manifold B (a, 6 G N U {0}). Then the tubular 
neighborhood of A in i? is a fiber bundle over A whose fiber is the 
{b — a)-dimensional close disc. 

Theorem 2.7. (p^) Let K and K' he 2-knots. Suppose that K and 
K' are ribbon-move equivalent. Then there is an isomorphism 

c : ToiHi{X^; Z) TotHi{X^,; Z), 

where the homomorphism c is not only one as Z-modules but also one 
as 7j[t,t~^]-modules, with the following properties. 

(1) Let x,y E Tori7i(X^; Z). Then we have 

lk(x,?/) = lk(c(x),c(y)), 

where lk( ) denotes the Farber-Levine pairing. That is, the Farber- 
Levine pairing on Torifi(X^; Z) is equivalent to that on ToyHi{X^,; Z). 

(2) Let a : Hi{X'^; Z) Zp be a homomorphism. Note that there is a 
homomorphism 

a' : Hi{X§,; Z) Zp such that 

«|tot- = («'|Tor) °c. Then we have fi{K,a) = fi{K',a') E Q/Z. That is, 
the set of the values of the Q/Z-valued fj invariants for K is equivalent 
to that for K' . 

Note. See [17] for the r/-invariants of 2-knots, the Farber-Levine pair- 
ing, and the Alexander module. 
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3. Main results 



Definition 3.1. Let K he a. 2-knot C S"^. Let be the canonical 
infinite cyclic covering space for K (see Definition I2.5p . Let Ai = 
{Ml, Mm}{m G N) be a set such that Mj is an open oriented 3- 
submanifold C X~ and that [Mi] e HI°{X^;R). Here, ; M) 

denotes the oo-chain homology group with the M coefficient. □ 

The set Ai = {Mi, Mm} is called an o-set for K if Ai satisfies the 
following conditions. 

(1) Mi intersects Mj transversely {i ^ j). 

(2) Mi n Mj intersects M^ transversely {i ^ j, j ^ k, and k ^ i). 

(3) Mj n Mj n Mfc is an oriented submanifold SILR, where LI denotes 
the disjoint union, with the following conditions. 

(i) 5 is a disjoint union of circles. We do not assume the number of 



(ii) R is the empty set or is diffeomorphic to a single line M with the 
following property (*). 

(*) Let V be any Seifert hypersurface for K. Let tt : X'^ — )■ 
S"^ — N{K) be the projection map. Then n'^iV) = Il'^_^Vi and each 
Vi is diffeomorphic to V. Let this M satisfy the following. 

(a) This M and Vi intersect transversely. 

(b) The algebraic number of the points, (this M)nVi, is one for each i. 

(c) The geometric number of the points, (this M)nVj,, is finite for each 
i. 

Note. In this paper, the fact that M is a submanifold C means 
the following: for each p G M, there is an open set U C X'^ such that 
peU and that R n (f/ - M) = 0. 



Let X be a topological space. The infinity chain homology group H°°{X; Z) is 
defined by using the infinity chain group 

C°° = {E;z/;fT;| (7; is a i-simplex. vi G Z. The number of nonzero vi may be infinite. 



Recall that the homology group H°°{X]Z) is defined by using the chain group 
Ci = {Tiiviail ai is a i-simplex. vi G Z. The number of nonzero vi is finite. }. 

The infinity chain homology group H^{X;M.) is defined by using the infinity 
chain group C°° © R. 

Recall that the homology group H°°{X\ R) is defined by using the infinity chain 
group Ci © M. 




}• 
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Let Ai = {Ml, Mm} be an oset for K. Take three elements 
Mi, Mj, Mk. Then Mi fl fl M^. is 5 11 as above. Define the o- 



Our main theorem is the following. 

Theorem 3.2. Let K and K' he 2-knots C S*"^. Suppose that K is 
ribbon-move equivalent to K' . Let M. = {Mi, Mm}{'ni G N) be an 
o-setfor K. Then there is an o-set M' = {M(, M^}(m e N) for K' 
such that o{Mi, Mj, Mk) = o{M'i, Mj, M^) for any i,j, k. 

The results in [121 (Theorem 12. 4^ 12.71 in this paper) does not 
imply Theorem 13.21 (see Note 13.61) . However, this paper prove Theorem 
13. 2[ Hence Theorem 13.21 is new. 

Theorem 13.21 implies Theorem 13.31 

Theorem 3.3. (same as Theorem II. 1[ ) Let K be a 2- dimensional 
fibered knot whose fiber is the punctured 3-dimensional torus. Let P be a 
2-dimensional knot whose Seifert hyper surf ace is a punctured homology 
sphere. Then K is not ribbon-move equivalent to P. 

Note 3.4. There is a 2-dimensional fibered knot whose fiber is the 
punctured torus (see [U El El El)- There is a 2-dimensional knot Z 
whose Seifert hypersurface is the punctured Poincare sphere (see [34j ) . 
By [IS], fJ^{Z) 7^ 0. Take the connected sum Z\I\Z. By [TB], ix{Z^Z) = 0. 
Hence there is a 2-knot J whose Seifert hypersurface is a punctured 



Proof of Theorem [Ml By the definition of K, X~ ^ x R. Let 

T3 = Si X si X Let Mi=pix Sl x S^ x M, Ms = Sl x x S^ x R, 
and M3 = S'J X 5*2 X p3 X R, where pi is a point G S}. Then we have 
the following. 

(1) {Mi,M2,M3} is an o-set. 

(2) Ml n M2 n M3 = R. 

(3) o(Mi,M2,M3) = L 

We prove by contradiction. We suppose that K is ribbon-move equiv- 
alent to P. By Theorem 13.21 there is an o-set {M(,M2,M3} for the 
2-knot P such that o{M[, M^, M!^) = 1. Hence M{ flM^flM;^ represents 
a nonzero element G iJf^(X^;M). Hence [M/](i = 1,2,3) represents a 



invariant 




homology 3-sphere such that /i(J) 
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nonzero element G if|°(X^;R). Hence if|°(X^;R) is not congruent 
to 0. However, since a punctured homology sphere is a Seifert hypersur- 
face for the 2- knot P, H^{X^; M) = 0. We arrived at a contradiction. 
Hence the initial condition is false. That is, K is not ribbon-move 
equivalent to P. 

Note that, only in the ^{K) ^ ^{P) case. Theorem 12.41 implies that 
K is not ribbon equivalent to P. 

Note 3.5. In the similar manner in the above proof, we have the 
following. Suppose that {Mi, M2, M3} is an o-set for the trivial 2- knot. 
Then o(Mi,M2,M3) = 0. 

Note 3.6. Theorem 12. 4^ 12.71 cannot prove the ^i{K) = ^{P) case of 
Theorem 13.31 However, Theorem 13.21 (and Theorem 13. 3p can. 

We have the following Theorem 13.71 Compare Theorem 13.71 to Note 
13.51 Hence the converse of Theorem 13.21 is not true. 

Theorem 3.7. There is a 2-knot K with the following properties. 

(1 ) For any o-set {Mi, M2, M3} for K, o(Mi, M2, M3) = 0. 

(2) K is not ribbon-move equivalent to the trivial knot. 

Proof. The 2-knot Z in Note 13.41 is an example because of Theorem 
2.4.(1). 

Compare the following theorem to the above Theorem 13 . 2 1 (resp . 13. 3p . 

Theorem 3.8. There is a nontrivial 2-knot K with the following prop- 
erties. 

(1) K is ribbon-move equivalent to the trivial 2-knot. 

(2) There are a 3- dimensional open oriented submanifold M such that 
[M] G H^{X'^]M.) and a 2-dimensional open oriented submanifold N 
such that [N] G //|°(X^; M) with the following properties. 

{i) MnN = R. 

{ii) This M satisfies the {*) in (3)(ii) in Definition \3.1\ 

Proof of Theorem 13.81 An example is the spun knot of the trefoil 
knot. 

4. (l,2)-PASS-MOVES AND RIBBON-MOVE SURGERIES OF S'^ 

In order to prove our main theorem (Theorem 13. 2p . we use the (1,2)- 
pass-moves for 2-knots. [16] defined the (l,2)-pass-moves for 2-knots. 
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Definition 4.1. Let Ki and K2 be 2-links in 5''^. We say that K2 
is obtained from Ki by one (l,2)-pass-move if there is a 4-ball B 
embedded in with the following properties. 
We draw B as in Definition 1.1. 

(1) Ki coincides with K2 in — B. This identity map from Ki — B 
to K2 — B is orientation preserving. Note that this condition on Ki 
implies that Ki coincides with K2 in — B . 

(2) i? n i^'i is drawn as in Figure 14.11 1. B (1 K2 is drawn as in Figure 
I1I12. 

We suppose that each vector a/", 1^ in Figure l4?Tl l (resp. 14.11 2) is a 
tangent vector of each disc at a point. (Note we use x (resp. 1^) for 
different vectors.) The orientation of each disc in Figure HTTl l (resp. 
Figure |1]TJ2) is determined by the each set {"a^, 1^}. We do not make 
any assumption about the orientations of the annuli in the Figure HTTl 1 
(resp. Figure |4?T1 2). The orientation of -B fl i^'i coincides with that of 
the disjoint union of the two discs and the annuli. 
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Figure KT\ 2 

Suppose that K2 is obtained from Ki by one (l,2)-pass-move and 
that K'2 is equivalent to K2. Then we also say that K2 is obtained 
from Ki by one (l,2)-pass-move . 

If Ki is obtained from K2 by one (l,2)-pass-move, then we also say 
that K2 is obtained from Ki by one (l,2)-pass-move . 

2-links Ki and K2 are said to be (l,2)-pass-move equivalent if there 
are 2-links Ki = Ki, i^2, -^p-i, Kp = L2 G N,p > 2) such that Ki 
is obtained from Ki^i (1 < z ^ p) by one (l,2)-pass-move. 



Note. In [25] the author defined {p, g)-pass-moves for p, g G N. The 
(l,2)-pass move here is the (p, g)-pass-move in the p = 1 and q = 2 
case there. 
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Before [25j, the author defined other local moves in [T^]. The local 
moves in yjj are the (p, p)-pass- moves in j25j . 



[T6] proved: 

Theorem 4.2. ([16j) Let K and K' he 2-knots. The following condi- 
tions (1) and (2) are equivalent. 

(1) K is (1,2) -pass-move equivalent to K' . 

(2) K is ribbon-move equivalent to K' . 

Furthermore, if K is obtained from K' by one ribbon-move, then K 
is obtained from K' by one (l,2)-pass-move. 



Let and be 2-knots. Suppose that is ribbon-move equiv- 
alent to K^. By Theorem I4.2[ is (l,2)-pass-move equivalent to 
K^. Therefore, in order to prove our main result (Theorem 13.21) in 
[|3l it suffices to prove the case when K' is obtained from K by one 
(l,2)-pass-move in a 4-ball B embedded in 5*^. 

Next we state a relation among surgeries, (l,2)-pass-moves and ribbon- 
moves. 

Definition 4.3. Let M be an m-manifold or an m-manifold with 
boundary. Make a product manifold M x [0,1]. Identify M x {0} 
with M. Suppose that handles are attached to M x [0,1], where 
hPn{M X [0,1]) cMx {1}. 

Let M' = {d{hP U (M x [0, 1]))) - M x {0} - {dM) x [0, 1), where 
{dM) X [0, 1) = if = 0. 

If we do the above procedure, we say that M' is obtained from M by 
the surgery by using the above handles. (In other words, if we do the 
above procedure, we sometimes do not explain that we use M x [0, 1].) 

See [21] for surgeries. 

Theorem 4.4. Let K be a 2-knot C S"'. Take a 4-ball B C 5^. Let 



K n B be as in Figure \4jJ\ 1 ■ Then there is a submanifold P U Q C B 
with the following properties. 

(1) P^S\ 

(2) Q ^ S^. 

(3) P n Q = (f). The linking number of P and Q is one if we give an 
orientation to PJIQ. 

(DReaardi^ a J ^ ^ f 5 x [0, 1] 

(4) Regard j ^4 | ^4 ^ ^ \ x [0, 1]. 

Attach a 5-dimensional 2-handle along P with the trivial framing 
and a 5-dimensional 3-handle along Q with the trivial framing. Then 

13 



the new made from I "^4^ ^^^\ ^^^'^ surgery is diffeo- 



morpMc to { I aga.n 



S' X {1} 

^4 again. 

(5) The new knot in the new obtained by these surgeries is the knot 
made from K by one (l,2)-pass-move in B. That is, Kr\ (the new B) 
is as in Figure 2. 



Note. By Theorem 14.21 the new knot is ribbon-move equivalent to K. 

Definition 4.5. The set of these surgeries in Theorem 14.41 is called the 
ribbon move surgery of along PILQ. 
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Proof of Theorem 14.41 See Figure 1^31 1. 




Figure 14.51 1 

Note that K CiB is a. disjoint union of the cyhnder A and a set D of 
the two discs. Take a 3-dimensional 1-handle trivially embedded in 
B. The manifold dh^ — OB can be regarded as A. Take a 4-dimensional 
2-handle h"^ trivially embedded in B. The manifold dK^ — dB can be 
regarded as D. 

Embed 5*^ in B so that the linking number of 5*^ and h"^ in B is one, 
let P denote this S^. Embed S'^ in B so that the linking number of S'^ 
and in B is one, let Q denote this S*^. Note that we can define the 



linking number '-'^ | q jj /^i in -B as above if we give an orientation 
to < Q "u ^1 Note that the attaching part of h* is fixed at dB. 
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Then we can suppose that the hnking number of P{= S^) and Q{= 
5*^) in B is one if we give an orientation to P 11 /i^ 11 Q 11 /i^ so that we 

do not change the hnking number of < q jj in -B. This completes 
the proof. 



Note 4.6. Take a Seifert hypersurface V for K. We can suppose that 
V n B = JI h"^. Proof. The idea of the proof is Pontrjagin-Thom 
construction. See e.g. P. 49 of [TO] . 



5. Ribbon-move surgeries of canonical infinite cyclic 

covering spaces 



Let Xk denote 5^ - N{K). Note that N{K) is diffeomorphic to i^'x 
(a close 2-disc). Let \^ be a Seifert hypersurface for K. Let the manifold 

V n Xk be called V again. Let A^(V^) be the tubular neighborhood of 

V in Xk. Then N{V) ^ V x J-1, 1]. Let Yk = Xk - N{V). 

Let NV denote N{V). Let X'^ be the canonical infinite cyclic cover- 
ing space for K (see Definition [2]5]). We can regard X^ = U°Z_^{NViU 

y.) (. e Z). where | - -de from / = ^ >< H n.t- 

urally. We sometimes abbreviate | to | ^* We can regard 

NV, = V,^[~IM 



Suppose that Yj fl NVi 



^(j) if i = j, i = j + 1 



Y- 

Note we can make Xk from NVi and I * by using an attaching 



Yi+i 

map which is different from the attaching map in making X°° 



K 



Take P H Q C 5 as in Definition WE We define <j ^ so that 

n°° p r p 

^=-°° * is the lift of ' 



Wp Hpfine that i (^i=-oo-^j) J 
we detme tliat | (n- _^Q^.) n \ Q,. 

Note that we can let Pi fl A^V^- = and Qj fl A^l^- = for each (2, j). 

We use the following kind of surgeries from now on. 

Definition 5.1. Let be an n-submanifold or an 'n-submanifold with 
boundary' of an m-manifold M. Let x [0, 1] be a submanifold C M. 
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Identify x {0} with A^. Suppose that handles which are embedded 
in M are attached to x [0, 1], where (1 {N x [0, 1]) C x {1}. 
Suppose that kP n {N x [0, 1]) = 0. 

Let A^' = {d{hP U {N x [0, 1]))) - A^ x {0} - (dN) x [0, 1), where 
(dN) X [0, 1) = if aA^ = 0. 

If we do the above procedure, we say that A^' is obtained from N by 
the surgery by using the above embedded handles. (In other words, if 
we do the above procedure, we sometimes do not explain that we use 
AT X [0,1].) 

Note. We sometimes abbreviate 'submanifold with boundary' to sub- 
manifold. 

Compare Definition 15. II to Definition 14.31 

Claim 5.2. There are surgeries along PiILQi{G Y^i) with the following 
property (*). 

(*) Let y^- denote the new manifold made from Yki- Let K' be obtained 
from K by the one ribbon-move in B. It holds that Y^^ is Yk'i- It holds 
that UZ.^{NV,UYI,,)=X^,. 



\ P 

Note. < ' may be a nonvanishing cycle. 

Definition 5.3. The set of these surgeries is called the ribbon-move 
surgery of the infinite cyclic covering space X"^ along Pj 11 Q j . 

Compare Definition 15.31 to Definition 14.51 

Proof of Claim 15.21 Carry out the ribbon surgery along P 11 Q{c 
Yk C S^). Corresponding to this ribbon-surgery, we can carry out 
surgeries on Y^i along Pj 11 Qi to satisfy the conditions in Claim 15.21 

6. Proof of Theorem 13.21 (main theorem) 

Proof of Theorem 13.21 As we state right after Theorem \A.2\ it 
suffices to prove the case where a 2-knot K is obtained from a 2-knot 
K' by using a single (l,2)-pass-move. 

Let M = {Ml, Mm}(m G N) be an oset for K. 

We can suppose that M^, and < intersect transversely. 



Note that represents an element G if|°(X^;R). Recall that Vi 
is a compact oriented manifold and that dVi C (9(X^). 
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Hence { ^ is a compact oriented manifold | ^ ^ f-^' 
where the following hold. 

(1) F is a closed oriented surface. {F may not be connected.) 

(2) Let et be the embedding map F x {t} ^ Vi x {t}. Then and Cj/ 

f -1 < t < 1 

are the same embedding maps ( < i<t'^l ) identify F x {t} 
with F X {t'} and if we do Vi x {t} with x {t'}. 

Let n A^y, = F X [-1, 1] be called M^NVi- 

Take /i^ C as in Proof of Theorem 14.41 Consider x [—1, 1] c 
NVi. 

Claim 6.1. We can suppose that the manifold F x [—1, 1] = (iNVi 
is embedded in the manifold NVi — {h^ x ["1? !])■ 

Proof. Take the cocore C oi (Z Vi. Note C is a 2-disc. We can 
suppose that F and C intersect transversely, if they intersect. The 
intersection F n C is a set of circles. These circles are the boundaries 
of discs D such that these discs Z) are embedded in C. (Note that the 
discs D may intersect each other but our proof may not mind that.) 
Regard these 2-discs D as the cores of 4-dimnsional 2-handles. Carrying 
out surgeries on by attaching these 2-handles D along F n C, let 
M, n {h^ X [0, 1]) = (j) and (M, n Vi) n /i^ = 0. 
Note: If the discs D intersect each other, use the isotopy of D. 

Here, if necessary, we carry out these surgeries on M*(* = 1, ...,m). 
These surgeries are done in the interior of the tubular neighborhood 
N{h^ X [-1, 1]) of X [-1, 1] in Note that 
N{h^ X [—1, 1]) is a compact set. (See Note 12. 6[ ) Suppose that 
o(Mq,, Mg, M^) = 1 for a set {a, /3, 7}. By using isotopy of M^,, we can 
suppose that n Mg Pi does not intersect N{h^ x [—1, 1]) before 
these surgeries. 

Then we have the following. Suppose that we obtain a new intersec- 
tion Mq, n Mj^ n after these surgeries. (Note that the new intersec- 
tion consists of triple points and is an oriented 1-dimensional manifold.) 
Then the new intersection is a disjoint union of circles because of the 
following. 

(1) These surgeries are done in the interior of the compact set N{h^ x 
[-1,1])- 

(2) The triple point set does not exist in N{h^ x [—1, 1]) before these 
surgeries. (Because of the above procedure.) 
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Therefore, even if we change in the above procedure, the o- 
invariant o(Mq, M^, M^) for an arbitrary set {a, /3, 7} does not change. 
This completes the proof. 

Suppose that o{Ma, Mjs, M^) = 1 for a set {a,/3,7}. Then 

Ma n n = R. 

Claim 6.2. The geometric number of the points, (this R)r\Vi, is one 
for each i. 

Proof. Recall Definition 13.11 The algebraic number of the points, (this 
]R)nVi, is one for each i. The geometric number of the points, (this 
]R)nKj, is finite for each i. 

We can suppose that (this ]R)nPj = for each i. Because: If it is 
not an empty set, use the isotopy of Pi. 

We can suppose that (this M)n(5i = for each i. Because: If it is 
not an empty set, use the isotopy of Qi. 

If the geometric number, (this ]R)n^, is not one, carry out surgeries 
on Vi by using 4-dimensional 1-handles with the following properties. 

(1) Each of the handles is embedded in 

(2) The core of each of the handles is a 1-dimensional 'submanifold 
with boundary' of this M. 

Note that, since the geometric number of the points, (this M)nVi, is 
finite, the number of these surgeries is finite. 

Note that the new Vi is orientable. Because: We can suppose that 
the two points along which each of the above 1-handles is attached have 
the opposite orientations. 

This completes the proof. 

We can suppose that M* and Yi intersect transversely. 

Let M^Ki = Fj n (* = 1, .., m). Then we have the following. 

(1) dM,i = N„.UN,i+cdY,. 

(2) M,,nNVi = N,i_. 

(3) M,inNVi+i = N,i+. 

(4) For each set {a,/3,7} C {1, ...,m}, M^i H Mg^ fl M^j is a disjoint 
union 5* 11 /, where is a set of circles and where / is the empty set or 
a single segment / with the following properties: 

(i) (One of 9/)c NVi. 

(ii) (The other of dl)c NVi+i. _ _ _ 

Note that dl is two points. Note that (M^ n fl M^) fl V^, is geomet- 
rically one point. (See Claim ESI) 

Claim 6.3. We can suppose that Qi fl M^i = 0. 
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Proof. See Figure We can take Q in the tubular neighborhood 

of in S'^. Let C(X^) be the collar neighborhood of X^. Take the 
above N{h^ x [—1, 1]), which is the tubular neighborhood of x [—1, 1] 
in . 

Then it holds that we can take QiinU = N{h^ x [-1, 1]) U C(X^). 
By the definition of Mj and Claim I6.H we can take Mj outside U. 
Hence Qi H M*i = 0. 

Next we consider fl M^,j. (Recall that Pi = S^.) We can suppose 
that Pi nM*j is a finite set of points. Each point is oriented by Pi, M^i, 
and S^. 

Claim. We can suppose that the orientations of these points are same. 

Proof. Suppose that there are two points (c PiP\M^i) such that the two 
points sits side by side in Pi and that they have different orientations. 

Carry out a surgery on M^,j along the two points by using a 4- 
dimensioanl 1-handle with the following properties. 

(1) The handle is embedded in Yi. 

(2) The core of the handle is a 1-dimensional 'submanifold with bound- 
ary' of Pi. (Note Pi = S^.) 

Note that the new M^i is orientable. Because: The two points along 
which the above 1-handle is attached have the opposite orientations. 
Repeat this surgery. 

If necessary, we carry out these surgeries on all M*j(z = l,...,m). 
These surgeries are done in the interior of the compact set 

W = N{Pi) n {N{h^ X [-1, 1]) - C(X~)}, 

where we have the following. 

(1) N{Pi) is the tubular neighborhood of in Yi. 

(2) We take N{h'^ x [-1, 1]) so that 

Pin(the interior of N{h^ x [-1, l]))^^ and that 
Pjn(the interior of N{h^ x [—1, 1])) is connected. 

Suppose that the triple point set Mq, n fl intersects W before 
these surgeries. By using isotopy of M*, we can suppose that Ma H 
n does not intersect W. Suppose that the triple point set 
Mq, n M/s n My is obtained after these surgeries. Then the new triple 

point set Mq, fl M^ n M^ is a disjoint union of circles. Because we have 
the following. 

(1) These surgeries are done in the interior of the compact set W. 
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(2) The triple point set does not exist in W before these surgeries. 
(Because of the above procedure.) 

Therefore, the o-invariant o(Mq,, M^, M^) for an arbitrary set {a, (3, 7} 
does not change. This completes the proof. 

Claim 6.4. We can suppose that there is a compact 3-dimensional 
'submanifold with boundary' E C Xk = 5"^ — N{K) such that 

{the punctured x S'^) and that dE = Q. (Recall Q ^ S'^.) 



Proof. We can take Q in t = in Figure 14.11 1. Take a 3-ball G in 
t = in Figure 14.11 1 so that dG = Q. Note that G fl is a single 
circle S^. 

Attach a 4- dimensional 2-handle h"^ to G along this S*^, where the 
following hold. 

(1) h"^ is embedded in S"^. 

(2) the core of h"^ is a 2-dimensional 'submanifold with boundary' of K. 

After this surgery by this h"^, G is changed into E as in Claim 16.41 
This completes the proof. 

Note that E (1 P is a. single point by the construction (see Figure 
4.1.1 and Figure Note that EnV ^(p. 

Let E be the lift of E associated with the projection map X'^ — )■ Xk- 
Let EYi = En Yi. Let Ej^vi = En NVi. 

Note that dEyi — dYi = Qi by the construction (see Figure 4.1.1 and 
Figure l^31 1). Note that we do not suppose that the orientation of dEyi 
coincides with that of Qi. Their orientations may coincide or may not. 
We determine the orientation of Eyi (and hence that of dEyi — dYi) 
after several lines from here. Take the tubular neighborhood N{Qi) of 
Qi in Yi. Let us Eyi — N{Qi) call Eyi again. 

Claim. We have Eyi fl M*i = 0. 

Proof. We can suppose that Eyi C N{h^ x [-1, 1]) n C^X^). We can 
suppose that M^i exists outside N{h^ x [-1, 1]) n C{X^). Therefore 

Eyi n M,i = (f). 

Let u be the number of the points Pi ft M^,j {u G {0} U N). Take i' 
copies of Eyi. Let each Eyi be parallel each other. Note dN{Qi) = 

X 5"^. We can suppose the following. 
(1) The intersection (each Eyi) ndN{Qi) is a 2-spehre. 
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(2) This 2-sphere is p x C x = dN{Qi), where p is a point e 
(this S^). 

(3) Each 2-sphere is parallel to other 2-spheres in 3^x3"^ = dN{Qi). 

We give an orientation to each Eyi so that the orientation of PiCiEyi 
is the opposite one of that of Pi fl M^,j. Note that we do not suppose 
the orientation of Eyi coincides with that of Qi. 

Carry out surgeries on 
'M*j n {i' copies of Eyi)^ by using 4-dimensional u 1-handles with the 
following properties. (Note that M*j n Eyi = by the above Claim.) 

(1) The handles are embedded in Yi. 

(2) The handles are attached along two points such that one point is 
in Pi n (z/ copies of Eyi) and that the other point is in Pi (1 M^i. (Note 
that the orientation of M^i is compatible with that of Eyi.) 

(3) The core of each 1-handle is a 1-dimensional 'submanifold with 
boundary' of Pi. (Note Pi = 3^.) 

Thus we made a new submanifold MJ^ from 
M^i, 'v copies of Eyi , and 'the above v 1-handles' 
by these surgeries. Note that these surgeries can avoid making any self- 

_i± 

intersection of MJ^ for each i by using the above 1-hndles appropriately. 
Note that dM* - dVi = dEyi - dYi and that dM* - dVi is a set of 
the 2-spheres C dN{Qi). 

Claim. These surgeries do not change I C M^i n M^j fl M^i for each 
{a,/3,7}. 

Proof. If necessary, we carry out these surgeries on all M^i{i = 1, m). 
These surgeries are done in the interior of the compact set N{Pi), where 
N{Pi) is the tubular neighborhood of Pi in Yi. Suppose that the triple 
point set MaflM/jflM^ intersects iV(Pj) before these surgeries. By using 
isotopy of M*, we can suppose that Ma fl Mg fl does not intersect 
N{Pi). Suppose that the triple point set Ma H Mg fl M^ is obtained 
after these surgeries. Then the new triple point set Ma H Mg fl M^ is 
a disjoint union of circles. Because we have the following. 

(1) These surgeries are done in the interior of the compact set N{Pi). 

(2) The triple point set does not exist in N{Pi) before these surgeries. 
(Because of the above procedure.) 

This completes the proof. 

Carry out the ribbon- move surgery along Pj and Qi. Then, by Claim 
15. 2^ we have the following. 
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(1) is changed into X^,. 

(2) Let Yxi be changed into Y^^. Then Y^^- is Y^'i- Recall that Y^i 
and Yi are same (it is written in ^ and before Definition 15.11 ) . 

After this ribbon-move surgery, we can carry out the following surg- 
eries. 

Take 3-dimensional 3-handles in new Y^^ = Ykh- Strictly to say, 
the 3-dimensional 3-handles are in Y^- — (Y^^ fl Yxi). Attach these 3- 
dimensional 3-handles to M* along all of the 2-spheres — dY^i = 
dEyi — dYxi- Thus we obtain a new 3- manifold with boundary. 

When we change M^,j, we do not change 
/(C M„ n M> n M, ), aM„(c dYKi). or {dEy, n dYKi). 

Note: In the above procedure, we may move / by isotopy. However, 
we do not change the diffeomorphism type of /. Furthermore, we do 
not move dl . 

Hence we have the following. 

(1) dMU = dM„ H {dEy, n ^YK^). 

(2) M; = im-ooMU) U (H-_^{z/ copies of E^v^}) U (H-_^M,w.) 
is an open 3-manifold without boundary. (Note that E^vi is defined 
after a few lines from the proof of Claim 16.41 Note that M^j^ivi is 
defined before a few lines from Claim 16.11 ) 

is a sub manifold of X^, . M^, represents an element G {^k' i ^) ■ 

(3) {Ml, M^'}(m e N) is an o-set for K'. 

(4) For each set {a,/?, 7} C {1, ...,m}, we have 

7. Problems 
Here, we submit Problem 12.31 again. 

Problem 7.1. (essentially same as Problem 12. 3[ ) Classify 2-knots by 
the ribbon-move equivalence. 

In particular, the following problems interest us. 

Problem 7.2. Is there a nontrivial 2-knot K with the following prop- 
erties? 

(1) A Seifert hypersurface of is a punctured integral homology sphere. 

(2) K is ribbon- move equivalent to the trivial knot. 



Problem 7.3. Is there a nontrivial 2-knot K with the following prop- 
erties? 

23 



(1) A Seifert hypersurface of i^T is a punctured integral homology sphere. 

(2) fi{K)=0. 

(3) K is not ribbon-move equivalent to the trivial knot. 



[M] proved that a Seifert hypersurface of the five twist spun knot of 
the trefoil knot is the punctured Poincare homology sphere. (Note 13.41 
quotes this result.) This 2- knot is called Z. 

„x ribbon-move equivalent to the trivial 

knot? (Note that —Z is the 2-knot which has the opposite orientation 
of Z.) 



We introduce another local move. 

Definition 7.5. Let 7^ be a 2-knot C S*^. Embed x trivially in 
S^, where is a circle and where is a close 3-disc. Suppose that 
the following hold. 

(1) Kr]{S^^ D^) is (5*^ X /) n {S^ X /), where / is the interval. 

(2) Kr\ {S^x D^) is 




where we have the following. 

(i) The bold line and its interior in the above figure represent the 3-disc 

(ii) The arrows of finite lines represent a submanifold of K. 

(iii) X (each of the two arrows) means each of the above {S^ x /) 11 
{S' X /). 

Fix this chart of x C M^. 

Let K' be a 2-knot with the following properties. 

(1) Kn{S^x D^) is 




in the above chart. 
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(2) K'nS"^- (SI xD^) = KnS^- (^1 X D'^). 

Then we say that K' is obtained from K by one XO-move. 

If K" is obtained from by a sequence of XO-moves then we say 
that K" is XO-move equivalent to K. 

All n-twist spun knots could be XO-move equivalent to the trivial 
knot. The obstructions for ribbon-moves in [161 [U] could not be ob- 
structions for XO-moves. 

Problem 7.6. (1) Are all 2- knots XO-move equivalent to the trivial 
knot? 

(2) Is the o-invariant an obstruction for XO-moves? 
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